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1. Introduction

Convexity theory has become a rich source of inspiration in pure and
applied sciences. This theory had not only stimulated new and deep results in
many branches of mathematical and engineering sciences, but also provide us a
unified and general framework for studying a wide class of unrelated problems.
For recent applications, generalizations and other aspects of convex functions and
their variant forms, see [1-27] and the references therein.

In recent years, the convex sets and convex functions have been extended
and generalized in several directions using novel and innovative ideas and
techniques. Varosanec [22] introduced the class of h-convex functions. This class
of functions unifies various classes of convex functions and is being used to
discuss several concepts in a unified manners. Toader [25] defined the m -
convexity, an intermediate between the usual convexity and starshaped property.
Park [23] considered the class of (s,m)-convex functions. An important class of
convex functions, which is called harmonic convex function, was introduced and
studied by Anderson et al. [1] and Iscan [12].

We would like to emphasize that (s,m)-convex functions and harmonic
functions are two distinct classes of convex functions. It is natural to introduce a
new class of convex functions, which unifies these concepts. Inspired and
motivated by the ongoing research activities in this dynamic field, we introduce a
new class of convex functions, which is called extended harmonic (h,s,m)-
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convex function. One can easily show that extended harmonic (h,s, m)-convex

functions include Godunova-Levin harmonic convex functions, extended
harmonic s -convex functions and harmonic m -convex functions as special cases.
We also obtain several new Hermite-Hadamard type inequalities. Our results
include several previously known and new results as special cases. It is expected
that results obtained in this paper may inspire the readers to discover new
applications of the extended harmonic (h,s,m)-convex functions in various

branches of pure and applied sciences. This is another direction of future research.
2. Preliminaries

First of all, we recall the following basic concepts. To convey an idea of the
harmonic convex set, we include the formal defitiniton of the harmonic convex
set.

Definition 1. [12] A set | =[a,b] = R\{0} is said to be a harmonic convex set, if

N
tx+(1-t)y
We now consider the new concept of extended harmonic (h, s, m)—convex

functions, which is the main motivation of this paper.
Definition 2. Let h:J=[0,1]—>R a nonnegative function. A function

f:1=[a,b]cR\{0}—> R is said to be extended harmonic (h,s, m)-convex
function in second sense, where se[-1,1], me(0,1] and a<b,mael, if

mxy . S
f(mJﬁh((l—t) )F(x)+mh(t*) f(y), vx,yelte(0,).

el, vx,y el,te[0,1].

Fort= % we have

f( 2mxy ]gh(z—lsj[f(x)mf(y)], vx,yel,

X+ my
The function f s called Jensen type extended harmonic (h,s, m)-convex
function.
Now we discuss some special cases of extended harmonic (h,s,m) convex
function.
I.If h=t°, s=-1 and m=1 in Definition 2, then it reduces to the Definition of

Godunova-Levin harmonic convex functions.
Definition 3.[16] A function f : 1 =[a,b]c R\{0} —> R is said to be Godunova-
Levin harmonic convex, if

f( Xy ]<lf(x)+%f(y), vx,yel,te(0).

tx+(1-t)y) 1-t
1. If h=t° in Definition 2, then it reduces to the Definition of harmonic (s,m)-
convex functions.
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Definition 4. [2] A function f: Il =[a,b]cR\{0}— R is said to be harmonic
(s,m)-convex function in second sense, where s € (0,1] and me (0,1], if
f(ﬁjs(l—t)s FOO)+mEf(y),  Wxyel te[0d]
tx+m(l-t)y
We remark that if t =1, y=a, then f(my)<mf(a). In this case, we say that the
function f is subhomogenous.

I1l. If m=1 in Definition 2, then it reduces to the Definition of extended
harmonic (h,s) -convex functions.

Definition 5. A function f:I1 =[a,b]cR\{0}—>R is said to be extended
harmonic (h,s) -convex function in second sense, where s e[-1,1], if
Xy S S
fl ———— |<h((2-t)°) f(X)+h(t®) f(y), vx,y el,te(0,1).
[tx+(1—t)y] (A=) FO)+h(t*) f(y) yel,te(0,1)
IV. If s=1 in Definition 2, then it reduces to the Definition of harmonic (h,m)-

convex functions.
Definition 6. A function f : 1 =[a,b]c R\{0} — R is said to be harmonic (h, m)

-convex function, where me (0,1], if

tX+m(1-t)y
V. If s=1 and m=1 in Definition 2, then it reduces to the Definition of harmonic

h -convex functions.
Definition 7. [15]. A function f:I=[a,b]cR\{0}—>R is said to be a

harmonic h-convex function, if
Xy
fl ———|<h(@A-t)f(X)+h(t) f(y), VX, I,t €[0,1].
[tx+(1—t)yj (1-9f)+h®) f(y) yel,te[01]
Thus it is clear that the class of extended harmonic (h,s,m) convex functions is

quite general and include several new classes of convex functions as special cases.
Definition 8. [22] Two functions f,g are said to be similarly ordered ( f is g -

monotone), if and only if,

(fOO-f(y).9(0-9(y))>0,  Vx,yeR"
Now we show that the product of two extended harmonic (h,s,m)-convex
functions is again extended harmonic (h, s, m)-convex function, which is the main
motivation of our next result.
Lemma 1. If f and g are two similarly ordered extended harmonic (h,s,m)-
convex functions, where mh(t®) + h((1—t)°*) <1, then the product fg is again a
extended harmonic (h, s, m)-convex function.
Proof. Let f and g be two similarly ordered extended harmonic (h, s, m) -convex

functions. Then
¢ mxy g mxy
tx+m(1l-t)y tx+m(1-t)y
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<[h(@-1)°) £ () +mh(t*) F (I[N ((1-1)*)g(x) +mh(t*)g(y))]

= [h((L-0))I* F () g(x) +mh(t*)h(L-1)*)[F () g(y) + F (¥)g(x)]
+m?[h(t)]* F ()a(y)
<[((X-1))*T F () g(x) +mh(t)h((L-t)*)[F ()g () + T (¥)g(¥)]
+m?[h(t*))* f (y)a(y)
=[h((1-1)*) f () g () + mh(t*) f (Y) g (Y)I[mh(t*) + h((1-1)*)]
<h((1-1)°) f (x)g(x) + mh(t*) f (y)g(y),(1)
where we used the fact that mh(t®) +h((1-t)°) <1.
This shows that product of two similarly ordered extended harmonic (h,s,m)-
convex functions is again a extended harmonic (h, s, m) -convex function.

We also need the following known fact, which plays a crucial role in the
derivation of main results.

Remark 1. Let | =[a,b]cR\{0} and consider the function g :E,%—HR
a

defined by g(t) = f(%) then f is extended harmonic (h,s, m)-convex on [a,b], if

and only if, g is extended (h, s, m) -convex in the usual sense on El}
a

3. Main Results

In this section, we obtain Hermite-Hadamard inequalities for harmonic
(h, s, m) -convex function.

Theorem 1. Let f:I1=[a,b]cR\{0}—>R be harmonic (h,s,m)- convex

function, where se(-1,1], me(0,1] and a,bel with a<hb, ma,Be . |If
m

felLma, 2], then f:1=[ab]c R\{0}—>R
m

X

f(x)+mf(xj
1jf(2abj< ab J-b m) 4

h(l a+b) b-a’a X’
25

< { f () +mf (3) +m?f (izj +mf (iﬂ [ ). (2)
m m m 0

Proof. Let f be harmonic (h,s, m)-convex function with t = 1. Then
f(z—"y] < h(ij{ £ (x)+mf (lﬂ
X+y 2 m
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Taking x = __ab and y = ab , we have

ta+(1-t)b (1-t)a+tb

(Zabj ( j{ ( ab j ( ab ﬂ
f h( ——— |+mf
a+b ta+(1-t)b m(1—t)a+mtb
- h(ij [f (a—det om jlf( ab ]dt}
2° )| (ta+(1-t)b o m(1-t)a+mth
h((1-t)°*)f(a) + mh(t®) f (Bj +m’h((1-1)°)f (%)
m m

2 +mh(t5)f(3j
m

:h(z_lsj:f(a)mf(bjm f(n:’ j+mf[ H]h(t ).

Taking into account that

Ff( ab )dt: ab J-bf(x)d
o \ta+(1-t)b b—a“’a x

and

X
)
b
J-lf ab dt = ab _ﬁf(r)d _ abJ- m q
o\ m(l-t)a+mtb mb-a)’ = b—a-a
This implies

f(x)+mf(xj
f[z;ab)q{ij ab J'b M/ dx
25

a+b)” (b—a)-a x?

o o2 2

Corollary 1. Under the assumptions of Theorem 1 and h(t*) =t°, we have

f(x)+mf( j
f(Zab]< ab dx

a+b) 2°(b-a)- x°

(2o (ol ]

2°(s+1)

<

Theorem 2. Let f:l=[a,b]cR\{0}—R be harmonic (h,s,m)- convex
function, where se(-1,1], me(0,1] and abel with a<b, mael. If
f € L[ma,b], then
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2mab[J-mbf(ZX)dXJrmb_aj’b 1:(;()dx}s(mb—a)[f(a)Jrf(b)]
m+1[’a X b—ma - X

x [IN(@-1)7) +h(t")Jdt.

Proof. Let f be harmonic (h,s, m)-convex function. Then we have
mab
ta+m(1-t)b
mab
(1-t)a+mtb
mab
mta+ (1-t)b

<h((1-1)%) f (@) + mh(t*) f (b),

<h(t*) f (2) + mh((1—1)*) f (b),

<mh((1-t)*) f (a) + h(t*) f (b)

and

¢ mab
m(1-t)a+tb

Adding the above inequalities, we have

mab mab mab
fl ——|+f|—m— [+ | ———— |,
ta+m(1-t)b (1-ta+mtb mta+ (1-t)b

<mh(t®) f (@) + h((1—t)*) f (b).

¢ mab
m(l-t)a+tb
Integrating over t [0,1], we obtain

[t _mab gy [t __mab 1y
o \ta+m(1-t)b o | (1-t)a+mtb
+[f __mab dt+ [ f __mab
o\ mta+(1-t)b o { m(l-t)a+th

<(m+D[f(@)+f (b)]_[:[h((l—t)s) +h(t*)]dt.
This implies

2mab { [ 109 gy, b8 o 109 dx}s (mb—a)[f (@)+ f (b)]

<(m+1)[f(a)+ f(b)][h((1-t)*)+h(t*)].

m+1|Ja x° b—ma-“ma x°

1
x [ Ih(@—1)°) +h(t*)]dt,
which is the required result.
Corollary 2. Under the assumptions of Theorem 2 and h(t*) =t°, we have

mab Umb f(x)dx+mb—ar f(x)dx}g(mb_a) fa)+f(b)
m+1 ?

a  x? b—maJm x s+1
Theorem 3. Let f,g:1=[a,b]cR\{0}—R be harmonic (h,s,m)-convex

function and harmonic (h,s,m,)-convex function, respectively, where s e (-1,1]

and me (0,1] and with a,Be I.If fe L[a,B], then
m m
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jb P9 gy < mingwm, (a,b), M, (a, b},
b-a x?

where

M,(ab) {f(a)g(awmlmzf LLMLH [Ine et
m )~ m, |Jo
J{mlf[ b }g(a)er f(a)g( H_[h(t yh((1-t)*)dt,

©)

M, (ab) = { f(0)g(b) + mm,f (ij g (iﬂ [Pt
m, m, ) |°°
{mlf( jg(b)+m f(b)g( HIh(t Yh((1-t)®)dt.

Proof. Let f,g be harmonic (h,s,m,)-convex function and harmonic (h,s,m,)-
convex function, respectively. Then

f( ab Jsh((l—t)s)f(a)+m1h(ts)f(m£],

ta+(1-t)b

ab . S o
g(ta+(1—t)b] <h((1-t)*)g(a) + m,h(t )g(m_zj

; ab 9 ab
ta+(1-t)b (1-t)a+tb

s{h«l—tmf(a)+m1h(t5)f(mﬂﬂ{h«l—t)vg(mmzh(tS)g[miﬂ

1

Now consider

=[h(@-1)*)I°[f (a)g(a)]+mh(t*)h((1-1)° )f[ Jg(a)

+mhE (A1) f (a)g(mi}r mlmz[h(ts)]z[ f (mi}{miﬂ

Integrating over [0,1], we have

e
o lta+(1-t)b )"\ (1-t)a+tb

s[f(a)g(a)]jj[h((l—tf)rdt+m2f(a)g(mijjjh(ﬁ)h«l—tf)dt

+m1f(£]9(a) fh(tS)h((l—t)S)dwmlm{f(iJg(iﬂﬁh(ﬂlzdt
m, ) m, m, ) |°
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{f(a)g(a)jtmm f[ ) [ Hj[h(t ) dt

{m f(r: jg(a)+m f(a)g } h(t®)h((1-1)°)dt.
This implies

ab "f(X)g(X)dx{f(a)g(apmmf( j( ﬂr[h(tS)]zdt
b-a m, m, 0

{m f(ijg(a)jtm f(a)g }jh(ts)h((l—t)s)dt.
m

1
Similarly, we obtain

ab bf(X)g(x)dx< f(b)g(b) + mm, f J (iﬂj‘l[h(ts)]zdt
m, ) \m, |

b- a NG
{m f[ ]g(b)+m f(b)g( ﬂjh(t Yh((1-t)°)dt.

Hence

f’ F909 4 < min{M, (a,b), M, (a,b)},
b-a x?

which is the required result.
Corollary 3. Under the assumptions of Theorem 3 and h(t®) =t°, we have

jb 909 4 < min{M, (a,b), M, (a,b)},
b-a

X
where
f(@)g(@)+mm, {f (bj g [bﬂ
ml mZ
M, (a,b) =
2s+1
b b
+ p(s +1,s+1){mlf (H]g(a)er f(a)g( ﬂ
f (b)g (b) +mym, {f [aJ g [aﬂ
ml m2
M,(a,b) =

2s+1

+B(s+1,5+1) {mlf (i} g(b)+m, f (b)g (iﬂ
ml m2
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Theorem 4. Let f:1=[a,b]JcR\{0}—>R be harmonic (h,s, m)-convex

function, where se(-1,1],me(0,1], a,bel with a<b, ma,Be . If
m

fe L[a b], then

b f(X) dx < mm{f(a)jtmf( ﬂjh(t )dt, {mf( j+ f(b)}J‘lh(tS)dt}.
b ad x? 0

Proof. Let f be harmonic (h,s, m)-convex function. Then

mab . .
f(mJSh((l—t) )f(a)+mh(t*)f(b), vabel,te(0.).

which gives

ab s (b
f(mjsh«l_t) ) f () +mh(t )f[aj

ab s a s
f[mJSmh(t )f(aj+h((1—t) )f (b).

Integrating on [0,1] we obtain

[ Ay {f(a) +mf (Bj_rh(ts)dt,
m 0

and

o {ta+(1-t)b |
and i

1 ab a 1

jof Br0-0a dt < {mf (E} f(b)_ joh(t )dt.

This implies

ab e f(x) dx<mln{[f(a)+mf( ﬂj. h(t®)dt, [mf( ]Jr f(b)}rh(ts)dt}'
b—a% x? ’

Corollary 4. Under the assumptions of Theorem 4 and h(t*) =t°, we have

a b
0 0 10y mf[m]+f(b) f(a)+mf(mJ
b a‘a x? s+1 ' s+1 '

Theorem 5. Let f,g:1=[a,b]cR\{0}—>R be harmonic (h,s,m)-convex
function and harmonic (h,s, m,)-convex function, respectively, where

se(-1,1],me(0,1], a,bel with a<b, ma,Be I.If fge L[ma,B],then
m m

) B o2
T T T el
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<M, (a,b)+ ba_b jbf(x))(g(x)d

where M, (a,b) is given by (3).
Proof. Let f,g be harmonic (h,s,m,)-convex function and harmonic (h,s,m,)-
convex function, respectively. Then

ab s s ;
f(ta+(1—t)bJSh((1_t) ) f (a)+mh(t ){Ej’

i s s D
g(ta+(1—t)b] <h((1-t)*)g(a) + m,h(t )g(m_zj

Now, using <x1 Xy, Xg x4> =0, (X, X,, %5, X, ER) and x, < x,, X, < X,, we have

ab . S o
f(ta+(1_t)b]{h((1—t) )9(a) + m,h(t )g[m_zﬂ

ab . s o
+ g(ta + (1—t)b]|:h((1—t) ) f(@)+mh(t®)f (Eﬂ

s{h«l—t)S)f(a)+m1h(t5)f(mﬂﬂ{h«l—tmg(mmzh(tS)g[miH

1

( ab J ( ab J
+ f g :
ta+ (1-t)b ) | ta + (1-1)b

s ab b s ab
g(a)h((1-1) )f(t“(l_t)b]*ng[m_zjh(t )f(ta+(1—t)bJ

s ab b s ab
+ f(a)h((1-1) )9( (1_t)bj+m1f(_jh(t )g[taJr(l—t)bj

<[h((1-1)*)I’[f (a)g(a)]+mh(t*)h((1-1)° )f( Jg(a)

Thus

+mh(E*)h((1-1)°) f (a)g(mLJ +m,m,[h(t*)]* f [mijg[mi]

( ab J ( ab J
+ f g .
ta+ (1-tb ) | ta + (1-1)b

Integrating the above inequality with respect to t over [0,1], we have

ab b 1 ab
(a)jh((l t)° )f( T t)b]d +m29£—jjoh(t )f[t Jr(l—t)bjCIt

+f(a)jh((1 t)° )g( (1b t)bj t+m1f( jf ( )g( (1b t)bjOI
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s[f(a)g(a)]jj[h((l—t)5>]2dt+mlf( Jg(a)jjh(ﬁ)h«l—tf)dt

b
ml

+m, f (a)g[milﬂh(ﬁ)h((l—t)s)dt+ mlm{f(miJg(miﬂﬁ[h(ﬁ)]z dt

1

+jlf[ ab jg[ ab jdt.
o {ta+(1-t)b ) (ta+(1-t)b
This implies
ab "t 1Y 1 1
= Jf‘“[(*‘ﬂ ]{”a)g(;)*@’(a’f(;ﬂ"“
(a—bJH Eh((l - XJS J{ml f (iJg(lj +m, g(ij f (lﬂdx
b-a/ < |\a m, )7\ X m, X
< { f (a)g(a)+mm, f [ﬂj g (iﬂ [Tt
m, m, ) |%°
j{ml f (mijg(a) +m, f (a)g(miﬂﬁh(ts)h((l—t)s)dt

N ab J-b f(x)zg(x)dx’
b-a-a X

which is the required result.
Lemma 2. Let f:I=[a,b]JcR\{0}—R be harmonic (h,s,m)-convex

function, where s e (-1,1],me(0,1], a,be |l with a<b, ma,B e l.Then

m
abx b
fl ————— [<|h(t®) +h((A-0)*)| f fl — |- f(x).
((Mb)x_ab] ey + ¢ ))]{ (a>+m[mﬂ )
Proof. As we know that x €[a,b] can be represented as
x=— B Gicpar.
ta+(1-t)b

Thus

¢ abx _ ab
(a+b)x—ab (1-t)a+tb

<h(t*) f (@) + mh((1—t)°) f ( b}

m

=[h(t*) +h(@-1)")] { f (@) +mf (%ﬂ{h(a—tﬂ f (@) + mh(t*) f ( b ﬂ

m

< [h(ts)+h((l—t)s){f(a)+mf( b ﬂ— f(x).

m
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Theorem 6. Let f:1=[a,b]JcR\{0}—>R be harmonic (h,s, m)-convex

function, where se(-1,1],me(0,1], a,bel with a<b, ma,Be . If
m

f e Lma, B] , then
m

f(x)+mf (Xﬂ 9(x)
J'bg(x)dxslj':[ m d

1 ( 2ab j
f > 5 X
Zh(lsj a+bh)da x 2 X
b
f(a)+mf( j .
< S M ey + -] g)ff) dx
b {mf (r’;)— f (x)}g(x)
+I 5 dx,
a X

where g:[a,b] = R\{0} is nonnegative, integrable and satisfies

9(x) = g(—abx ]
[a+b]x—ab
forall xe[a,b].
Proof. Using the given fact and Lemma 2, we have
1 f(Zab jJ-bg(;()dX
Zh(zlsJ a+b Fa x

_ 1 jbf[ 2abx jg(x)dx

a | (a+b)x—ab+ab ) x?

X

<1t Ibh[isj{f(a—bx}rmf(iﬂg(f)dx
Zh(lja 2 (a+b)x—ab m)| x

28
X Jow
:ljbf( abx jg(;()dx+mjb—m2 dx
2% {(a+b)x—ab) x 27 X
[ f (%) +mf (Xﬂg(x)
1 m
:—j 5 dx.
2% X

To prove the other part of the inequality, we consider
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X

{f(x)+mf( ﬂg(x)
lj’b d
2 a

X2

X 272 X

X
__I ( abx jg(x)dx+m‘|‘bf(m—)g(x)d

(a+b)x—ab ) x?

s(9 ( ]g(x)
<= Hh(t)+h((1 t)° )}{f(aﬂmf( ﬂ f(X)] dx+mj —dx

f(a)+mf(bj { f[:}j—f(x)}g(x)
_ 2 [h(t*) +h((1-1)*) j g(x)d j dx.

X2

This completes the proof.
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